Mechanical characteristics of polymers are markedly different depending on the temperature. At lower temperatures and up to a temperature known as the glass transition temperature Tg, polymers behave as glass-like materials with a high elasticity modulus and a low fracture strain. At higher temperatures than Tg, they behave as rubber-like materials with the ability to undergo large and reversible elastic deformations known as rubber elasticity. They are called hyperelastic materials and have a strain energy function W, a scalar function of the strain tensor, whose derivative with respect to the strain components determines the corresponding stress components (Fung, 1965) . Many strain energy functions were proposed and were extensively used for the evaluation of the deformation behaviors of hyperelastic materials. The details of the concrete forms of strain energy functions and their experimental verifications were seen in Ogden (1977) and others.
characteristics are indispensable to the development of new functional materials and their safe usage. However, apart from the limited number of researches (e.g., Bergstrome and Boyce, 2000) , most of the published works, (e.g., Marckmann, et al.,2002 , Dorfmann and Ogden, 2003 , Chagnon, et al., 2006 , Diani, et al., 2009 , Rickaby and Scott, 2013 , Dargazany and Itskov, 2013 are concerned with the representation of the deformation behaviors of particle-filled rubbers in terms of the constitutive equations. The constitutive equations identified by the experimental results reproduce them well, however, owing to the complex microscopic deformation behaviors depending on the change of the volume fraction, heterogeneity of the sizes, and morphology of distributions of particles, the predictability of the effect of their changes on deformation behaviors would be limited. To solve the problems, we developed direct simulation methods of deformation behaviors of particles filled rubber (e.g., Tomita, et al., 2004 Tomita, et al., , 2006 using finite element homogenization methods (e.g., Higa and Lu, 2002) that have a potential to overcome the problems listed above.
Herein, we review the derived constitutive equations of rubber, based on the non-Gaussian statistics, and molecular chain network theory, for the evaluation of the complex deformation behavior of rubber under monotonic and cyclic deformation at different strain rates. For particle-filled rubbers, we restrict our attention to the direct evaluation of mechanical characteristics using finite element homogenization methods with constitutive equations based on the molecular chain network theory and the clarification of the essential microscopic mechanisms of changing mechanical characteristics of particle-filled rubber.
A partial review on the researches related to polymers that have not been discussed in the text above is included in the Appendix.
Constitutive equation derived from molecular chain network theory

Molecular chain network theory
To duplicate the experimentally observed characteristic feature of the rubbers, as shown in Fig.1 (Tomita, 2000) , the microstructure of the rubber is assumed to consist of long molecular chains that are randomly distributed in space. A single chain, which consists of several segments containing monomers, is defined by the two cross-links that are assumed to be the chemically entangled points of molecular chains. Their numbers are assumed to remain constant during deformation and they result in a network-like structure referred to as an affine model. Fig.1 Hierarchy of molecular structures (Tomita, 2000) .
(a)Segment, (b) single chain, (c) molecular chain network structure, (d) rubber
Consider a single chain between two entangled points, shown in Fig.1(b) , that contains N segments with length l . The length of the unstrained free chain 0 r , is given by the root-mean-square value, l N , and some strained state of the chain that has length r. In regard to the stretch in the deformed configuration, Kuhn and Grun (1942) considered the possible statistical angle distributions of segments for a chain with a length equal to r , and evaluated the configuration entropy that accounts for the finite stretching. Therefore, this provides the theoretical frame-work for the relatively short chain with a small number of segments N up to the limiting stretch, N L   . Correspondingly, this provides the Helmholtz's free energy, w , as 
where 0 w is an arbitrary constant, k is the Boltzmann's constant, T is the absolute temperature, and
. For purely elastic, isothermal deformation processes, stress is given as Fig.2 Simplified molecular chain network models. (a) three-chain model (James and Guth, 1943) , (b) eight-chains model (Arruda and Boyce, 1993 )，(c) complete-chain model (Wu and Van der Giessen, 1993 )．
Simplified constitutive equations for three dimensional deformation
The molecular chain networks shown in Fig.1 (c) consist of randomly distributed chains in the unstrained state. The corresponding response of the network is described by the average of the responses of the individual single chains. However, this averaging process is quite complicated. Therefore, several simplified models, shown in Fig.2 , were proposed. The three-chain model as shown in Fig.2(a) , for example, originally suggested by James and Guth (1943) , assumed that a network containing n chains per unit volume is equivalent to three independent, non-interacting sets of n/3 chains per unit volume parallel to the Eulerian principal axes shown in the figures. The deviatoric part of the principal stress 

. Similarly, Flory and Rehner (1943), and Treloar (1946) proposed the four-chain model. These models can reproduce the typical deformation behaviors of rubber under a relatively small deformation that is attributed to the over simplified representation of the chain distributions. Subsequently, Arruda and Boyce (1993) proposed an eight-chain model [Fig.2(b) ] that contains a set of eight chains connecting the central entangled points and each of the eight corners of the unit cube. The corresponding deviatoric part of the principal stress 
Thus, in these models, the actual spatial distribution of chains is approximately represented by a set of chains. On the other hand, Wu and Van der Giessen (1993) focused their attention on Treloar and Riding's (1979) Riding's work to a formulation valid for general three dimensional (3D) deformation processes and provided the deviatoric part of principal stresses,
where, C is the chain distribution function, i m is the chain direction and   , are the directional angles of the chain. However, the integrations involved in the expression of stress owing to the full network model require a numerical procedure that is time consuming. Correspondingly, an approximate model with a linear combination of stresses estimated using three-and eight -chain models was also proposed (Wu and Van der Giessen, 1993) .
where,  is the weight, 5). Among these models, the eight-chain model (Arruda and Boyce, 1993) has been extensively used to predict the characteristic features of rubbers. In these models, the entangled points of molecular chains are assumed to be fixed during the deformation, and the average number of segments, is constant. Therefore, these models are referred to as the affine model.
Generalization of constitutive equations
The developed constitutive equation predicts compression and tension well, whereas it is likely to overestimate the shear strength. There are several assumptions that underlay the present network concept, and which can act as potential sources of discrepancy with experiments. One of the key assumptions is that the entangled points in the network provide permanent nodes in this network. Nevertheless, experimental observations implicitly suggest the possibility of a change in the configuration of the entangled points (Raha and Bowden, 1972, Botto, et al., 1987) that causes the changes in the stiffness of the network. Molecular dynamic simulations (e.g., Gao and Weiner, 1991) suggest that this may have a significant effect at relatively small deformations, and it may be expected to be even more important at large strain levels as those considered herein.
Thus, the discrepancy with respect to the experiments could be partially attributed to the change in the number of entangled points due to the difference in the development of internal microstructures, depending on the local deformation (Fig.3 ). An increase in the number of entangled points reduces the average number of segments in polymeric chains. This causes a reduction in the extendibility and an increase in the relative stiffening of the materials. To accommodate the change in the entangled situation due to the deformation and the temperature change, Tomita and Tanaka (1995) proposed a nonaffine model in which the change in the number of entangled points was taken into account. The simplest form of the number of entangled points, m , is expressed as a function of the temperature, T , with the variable  representing the local deformation of polymeric material, thus becoming (Tomita, et al., 1997, Tomita and Tomita and Tanaka (1995) provided the relation between the numbers of the molecular chains n and the entangled points m and the total number of segments in the unit volume, a N , in the case when the total number of segments in the rubber is preserved during the deformation. 
An increase in the number of entangled points reduces the average number of segments in polymeric chains, that causes a reduction of extendibility and an increase in the relative stiffening of the materials. A decrease in the number of entangled points causes the opposite effects. Constitutive equation (4) with the total number of segments N evaluated using Eqs. (7) and (8) provides the non-affine generalization of eight-chain model.
The rate-type expression of Eq. (4) Tomita, et al. (2006) . The penalty method is introduced to enforce the deformation under constant volume.
Fig.3 Deformation of molecular chains
As indicated in Fig.4 (Marckmann, et al., 2002) , rubber exhibits a complex deformation behavior under monotonic and cyclic straining. The hysteresis loss, the stress softening associated with the Mullins effect (Mullins, 1969 ) is observed during the cyclic loading processes. Therefore, the number of segments In addition, the deformation behavior of rubber depends on the strain rate as indicated in Fig.5 . The long molecular chains are in contact with other chains at numerous points and constitute the potential source of the viscoelastic response. Therefore, a chain easily moves along the chain direction. However, its movement is restricted to its normal direction. This type of restriction can be represented by a tube. Upon the application of deformation, the molecular chain relaxes within a short time with respect to the chain and normal directions. Subsequently, it moves along the chain direction with a long-term relaxation. This can be represented by the reptation theory that can account for the interaction of chains and their surroundings (Doi and Edward, 1986, Bergstrom and Boyce, 1998) . Fig.4 Cyclic deformation of rubber (Marckmann, et al., 2002) . Several strain-rate-dependent models were proposed as indicated in Fig.6 . Fig.6 (a) depicts two eight-chain models A and B and a dashpot D (Bergstrom and Boyce, 1998) . Furthermore, Bergstrom and Boyce (2000) introduced the first invariant amplification for the effective prediction of deformation of filled rubbers. Tomita, et al. (2006) provided the slightly modified version of the original model (a) by introducing the nonaffine eight-chain model (Tomita, et.al., 1995) instead of the conventional eight-chain model. An extended version of the eight-chain model (b), consists of eight standard-like models with two Langevin springs  ,  , and a dashpot  (Tomita, et al., 2008b) . The most typical characteristic of the model (c) compared to the existing one is that it contains eight standard models, as depicted by A in Fig.6(c) . Meanwhile, B and D are the conventional eight chain model and dashpot, respectively (Tomita, et al., 2008a) . Two springs,  , and  , stand for the Langevin chains, and  and D are the dashpots representing the viscoelastic nature of rubber, that are modeled using the reptation theory (Doi and Edward, 1986, Bergstrom and Boyce, 1998) . The concrete form of constitutive equations for Fig.(a) , (b) and (c) are respectively given by Bergstrome and Boyce (1998), Tomita, et al. (2008b) and Tomita, et al. (2014) . A straight forward and elaborate manupulation of thus derived constitutive equations yield the rate type expressions (Tomita, et al., 2008b (Tomita, et al., , 2014 . (Bergstrom and Boyce, 1998) , (b) extended eight-chain model consisting of eight standard models with two Langevin springs  ,  , and a dashpot  (Tomita, et al., 2008b) , (c) extended standard model (a) consisting of an extended eight-chain model A, eight-chain model B, and a dashpot D (Tomita, et al., 2008a) . 
Deformation behavior of unfilled rubber
We employed the finite element method (e.g., Kitagawa, et al. 1972 , Tomita, 1990 ) and homogenization method (e.g., Higa and Tomita, 1999) to correlate the micro-and macroscopic deformation behaviors. The unit cell is sufficiently small as compared to the dimension of the entire body and Y-periodicity is assumed (Guedes and Kikuchi, 1990) . Fig.7(a) indicates the stress-stretch relationship for unfilled rubber under cyclic loading (Tomita, et al., 2006) . The dotted lines represent the experimental results. To reproduce the experimental results, the form of Eq. (9) was expressed by using the fourth-order polynomial of c  and the coefficients of the equation were identified using the least mean squares method for the loading process of the first cycle. The number of segments N is preserved during the unloading process. Furthermore, the number of segments N is preserved until the stretch c  due to the subsequent loading reaches the maximum value of previous loading processes. This implies that the stress-stretch relationship is identical to that of the previous unloading processes up to the maximum stretch during the previous loading processes. The number of segments N restarts to change following Eq.(9) when the stretch c  exceeds the maximum attained value in the previous deformation. The resulting change in the number of segments N with respect to the stretch c  is represented in Fig.7(b) . The corresponding stress-stretch relationships for cyclic deformation behavior are shown in Fig.7(a) by solid lines. These reproduce well the experimentally obtained results. These characteristic deformation behaviors were used to describe the rubber containing carbon black (CB) without introduction of additional material parameters. Fig.8 indicates the cyclic deformation behaviors with increasing and decreasing stretches. The computational predictions reproduce well the experimentally obtained results in both cases. Recent experimental investigations suggest the heterogeneous distribution of the molecular chains (Shibayama, 2011) . However, the detailed information associated with the distribution patterns is not available. Therefore, this heterogeneity was introduced by the different types of distributions using the same average number of segments as in the case of the polymer (Tomita and Uchida, 2003) . The average number of segments was randomly assigned for the 100×100 finite elements with specific distribution patterns. Fig.9 (a) indicates the unit-cell model with a heterogeneously distributed average number of segments, and (b) nominal stress and stretch relations for each element. Thick lines stand for the average stress versus stretch relations. For the evaluation of silica-filled rubber, we employ the solid lines as expressed by the constitutive equation. Fig.10 shows the comparison of the stress-stretch relations and the hysteresis loss with respect to strain rates. The identified constitutive equation of the pseudo-heterogeneous model can reproduce well the result obtained by the homogenization using the heterogeneous distribution of the segments as depicted in Fig.9(a) . nominal stress-stretch relations for individual elements and the unit cell (Tomita, et al., 2014) .
(a) (b) Fig.10 Deformation behavior evaluated using the homogenization method and using the pseudo-heterogeneous model with identified material parameters from Fig.9(b) . (a) Nominal stress-stretch relationships, (b) relationships between the hysteresis loss and strain-rate (Tomita, et al., 2014) 4. Deformation behavior of particle-filled rubber
The mechanical characteristics of rubbers are markedly improved by filling them with hard particles, such as CB and silica. Therefore, their usage extends to numerous engineering fields. Proper predictions of mechanical characteristics are indispensable in further development of new functional materials and their safe usage. Herein, we will discuss the evaluation of the deformation behavior of CB and silica-filled rubber using a finite element homogenization method employing the constitutive equations discussed in the above, and we will clarify the essential mechanisms responsible for the improvement of the mechanical characteristics of particle-filled rubber. Fig.11(a) and (b) show the distribution of CB and (c) shows the typical stress-stretch relations of CB-filled rubber and unfilled rubbers (courtesy of Sumitomo Rubber Industries, Ltd.). The hysteresis loss, i.e., the Mullins effect (Mullins, 1969) , is seen during the loading and unloading processes for unfilled rubber. The Mullins effect for CB-filled rubber is marked compared to the unfilled rubber, which is closely related to the ultimate properties of filled rubber. Consequently, several mechanisms for the enhancement of the ultimate properties of filled rubber have been suggested (Mullins, 1969 , Daunenberg, 1975 , Tomita, et al., 2006 . In this work, we focus our attention on the evaluation of the enhancement of deformation resistance and hysteresis loss caused by filling rubber with CB.
CB-filled rubber
Although the distribution of CB ranges from a somewhat aggregated to a random pattern, we focus our attention on the characterization of the essential effect of CB filling on the mechanical characteristics of the CB-filled rubber. Fig.12 shows three-dimensional (3D) computational models in which heterogeneous CB is assumed to be distributed periodically (Tomita, et al.,2008b) . Fig.12 (a) and (b) respectively correspond to dispersed and aggregated CB distributions. In this case, the rubber obeys the constitutive equation explained previouly, and CB obeys the linear elastic constitutive equation. For CB, the elasticity modulus and the Poisson's ratio are 100  c E MPa, and 3 . 0  c  , respectively. The present investigation is restricted to the deformation behavior of the unit cell within the entire body that uniformly deforms based on the set boundary conditions. The top and bottom surfaces are shear-free with a constant displacement constraint, whereas the other surfaces are assumed to be stress-free. Fig. 14 indicates the stress-stretch relationships. For comparison, the stress-stretch relationship for unfilled rubber is also indicated. There are marked increases in the resistance to deformation during the loading processes and in the hysteresis loss of the CB-filled rubber. The local concentration of the deformation owing to the existence of CB causes significant stretching, as indicated in Fig.13(a) and (b) . This results in a high-orientation hardening and deformation-induced softening. Therefore, the resistance to deformation and the hysteresis loss for CB-filled rubber are markedly increased compared to those for unfilled rubber. The volume fraction of CB in the aggregated case is lower than that in the dispersed case. Nevertheless, the aggregated case exhibits a much higher resistance to deformation and a hysteresis loss. As indicated in the aggregated case of Fig.13(b) , very highly concentrated deformation areas are observed. It should be noted that very low-deformation regions surrounding the aggregated CB are seen in Fig.13(b) . Such regions act to increase the net CB volume fraction and additionally intensify the concentration of orientation hardening. Owing to the characteristic anisotropic hardening behavior caused by the orientation of molecular chains, the viscoelastic nature of the materials and the large deformations that cause the morphological change of CB distributions, result the CB-filled rubber to deform in a very complex way. Therefore, the individual contributions on the deformation are hard to clarify. However, the effect of micromechanical distribution of stress, stretch and rotation of rubber on the macroscopic deformation behavior is depicted in Tomita et al. (2006) . This was initially revealed by a 2D plane strain model and subsequently clarified with further details. The localized deformation connecting large particles is much stronger. Therefore, increasing the volume fraction of CB reduces the particle spacing, facilitates the emergence of localized deformation connecting the particles, and induces a high-resistance to deformation. The higher concentration of the deformation causes high stretches in rubber locally that promotes the change in the number of segments. As a result, this contributes to the hysteresis loss in the cyclic stress-stretch relationships. This is the main mechanism of the enhancement of the resistance to deformation in CB-filled rubber. Additionally, increasing strain rate raises the resistance to deformation that can be predicted from the strain-rate-dependent constitutive equation of rubbers. Fig.15 indicates the hysteresis loss of the rubber and CB-filled rubber with respect to the strain rate. The peak value for CB-filled rubber is quite high compared to that of unfilled rubber. The concentration of the deformation promotes strain-rate-dependent hysteresis loss. Owing to the highly nonuniform deformation, the location of the maximum hysteresis loss and its magnitude are different from those of unfilled rubber. The localized deformation plays a central role in the increase of the hysteresis loss of CB-filled rubber. It has been clarified that the effect of unevenness of surface profiles of aggregated CB-particles on the deformation is outstanding and promotes a very high resistance against the deformation with a large hysteresis loss.
Thus, described evaluation processes have been utilized in the real designing processes of CB-filled rubber where measurements of the distribution of CB were performed by employing SPring-8 (Super Photon ring-8 GeV) and allowed the development of a 3D unit cell model that was solved and that provided information to real design (courtesy of Sumitomo Rubber Industries, Ltd.). Fig.15 Stretch-dependent hysteresis losses under different strain rates (Tomita, et al., 2008b) . 
Silica filled rubber
Owing to the wide range of controllability in the mechanical characteristics with addition of the coupling agent, silica-filled rubber draws attention for extensive usage. Fig.16 indicates the nominal stress-stretch relationships for silica-filled rubber with different weight percent of the silica coupling agent. The effect of the silica coupling agent, whose condensation reaction creates a crosslinking agent that increases the number of entangled points, on the deformation behavior of the silica-filled rubber is substantial and drastically increases as the silica volume fraction increases. The rubber phase affected by the coupling agent is referred to as the gel phase.
To account for the change in the number of entangled points, i.e., the average number of segments for a single Nominal Stress  
As indicated in Eq.(10), the change in the average number of segments owing to the deformation is accounted for by the quadratic function  f of the molecular stretch c  (Tomita, et al., 2006) . Thus Eq.(10) provides the constitutive equation for rubber accounting for the effects of the coupling agent on the mechanical characteristics of rubber. The homogenization method (Higa and Tomita, 1999 ) provids a computational tool for evaluating the mechanical characteristics of silica-filled rubber.
The recent careful observation of the microstructure of silica-filled rubber shown in Fig.17 suggests an additional effect of the microstructure on its deformation behavior. The notable point is that the proximal particles at separation distances smaller than 20 nm, promote the formation of bunching structures as depicted in Fig.17 . The gel phases developing at the interface of the silica and rubber boundaries contribute to the formation of the network-like structure with silica particles. The experimental investigation suggests that the network like gel structure exhibits similar mechanical characteristics to the gel phase at the boundary, and the rest of the rubber phase is free of influences from the coupling agent. Therefore, we assume that the characteristics of the gel phase around the silica particles and the network-like structure are the same.
To clarify the deformation behavior of silica-filled rubber with a network-like gel structure, we constructed the elaborate unit-cell model depicted in Fig.18(a) with a 200×200 crossed triangular elements in which silica particles are randomly distributed, as observed in the real silica-filled rubber. The volume fraction of silica particles is 20% and the proposed constitutive equation is employed. The initial isotropy of the model was verified by the different directional tensions. The computational results yield Fig.19 , including (a) the deformed finite element mesh, and distributions of (b) the chain stretch, (c) material rotation, and (d) tension directional stress distributions. The figures suggest that the highly deformed regions correspond to the network-like structured area where the chain stretch attains almost similar values to the limiting stretch. Therefore, orientation hardening corresponding to this area causes the increased deformation resistance. Thus, the network-like structure connecting the silica particles that developed depending on the initial distribution of the particles is attributed to the marked increases in the deformation resistance at the later stages of deformation. In order to investigate the detailed local deformation behavior, two local unit cells A and B, as depicted in Fig.18(b) and (c), where silica particles have different relative positions, were introduced. Results for unit cells A and B are depicted as idicated in Fig.20 , whereby presented are (a) deformed finite element mesh, and distributions of the (b) chain stretch, (c) material rotation, and (d) tension directional stress . For case A, Fig.20 suggests the existence of a strong effect on the deformation of gel and rubber phases as a result of the increase of the distance and rotation of the silica particles due to the deformation of unit cell on the deformation of gel and rubber phases. The deformation of the silica particles is very small. Therefore, all deformations in the unit cell are absorbed by the deformations of the rubber and gel phases. The change of the distance of the silica particles causes the large shear and tensile deformation in the gel phase connecting two silica particles and results in the formation of the meniscus-like profile of the gel phase. Rubber phases around the gel phases exhibit similar deformation patterns as those exhibited for the gel phase. The decrease of the distance of upper and lower silica particles to the center particle causes the rotation as shown in Fig.20(c) . This results in the tensile deformation in the left-hand side surface of the center particle and the compressive deformation in right-hand side surface. This deformation further enhances the tensile deformation in the left-hand side surface and suppresses the deformation of the right-hand side surface. Therefore, we have chain stretch, and tension directional stress distributions, as indicated in Fig.20 Unit-cell models for silica-filled rubber with network-like gel structure . © 2015 The Japan Society of Mechanical Engineers [DOI: 10.1299/mer. increase of the resistance to the deformation and to hysteresis loss. On the other hand, marked concentrations of deformations are seen in the gel phases connecting silica particles of unit cell B where remarkable orientation hardening occurs, resulting in the high resistance to the deformations. Thus, the explained deformation behavior is confirmed in the silica-filled rubber regardless of the characteristics of the gel phases. Therefore, it is the main mechanism of enhancing the mechanical characteristics of silica-filled rubber.
Conclusion
The constitutive equations of rubber elasticity using macromolecular network models were reviewed and the generalization of the constitutive equations to account for the non-affine deformation and viscoelastic deformation of rubbers were presented. The rate-type expression of the constitutive equations and finite element homogenization method provide a potential tool for evaluating the mechanical characteristics of rubber with heterogeneous distribution of chain density and particles, such as CB and silica-filled rubber, under monotonic and cyclic deformation. The typical deformation behavior of rubber and the essential mechanism of enhancement in the mechanical characteristics of particle-filled rubber under monotonic and cyclic straining have been clarified.
In this review, we restricted our attention to the evaluation of the deformation behavior employing the constitutive equation derived from the molecular chain network theory and finite element homogenization method. These methods have a capability of prediction the deformation behaviors under changes of volume fractions of particles, distribution patterns, and size heterogeneity, without additional parameters. Further information associated with the changing material characteristics in the rubber phase by filling CB and silica particles and by adding coupling agents would contribute toward the improvement of the predictability of the mechanical characteristics. 
Acknowledgements.
The author deeply appreciates the invitation to write a review paper for Mechanical Engineering Reviews. The author acknowledges support from the Ministry of Education, Culture, Sports, Science and Technology of Japan through a Grant-in-Aid for Scientific Research and thanks Sumitomo Rubber Industries, Ltd. for providing experimental results and the colleagues and graduate students for their contribution to the progress of the related research works.
Appendix Further remarks on the polymer constitutive equations and their applications
The constitutive equations for rubbers based on strain energy functions are listed in many papers. Among them, Ogden (1997) and Boyce and Arruda (2000) provided the forms of constitutive equations and their verification by experiments, while Batz and Ko (1962) , Hill (1978) , Brockman (1986) , and Boyce and Arruda (2000) discussed compressive rubber. In turn, Qiu and Pence (1997) , Merodio and Ogden (2005) , Weinberg and Mofrad (2005) , and Dorfmann, et al. (2007) were concerned with anisotropy and introduced additional invariants related to specific anisotropic directions. In order to reproduce the hysteretic response during unloading after loading, Humphrey and Yin (1987) , Fung (1993) , Ogden and Roxburgh (1999) proposed pseudo-elasticity theories and applied them to the evaluation of rubber filled with hard particles and bio soft-tissue (Humphry and Yin, 1987 , Fung, 1993 , Holzapfel, 2000 , Limbert and Taylor, 2002 , Schulze, et al., 2002 , Dorfmann, et al., 2007 . Evaluation of the characteristic behavior of polymers by using a dynamic visco-elastic response (e.g., Ward and Sweeney, 2004) has been extensively employed in many fields, such as fields related to the evaluation of paints and cosmetics, ripeness of fruit and foods, and others. A review is provided by Tomita (2010g) . The details of computational simulation methods are also found in Tomita (1990) and Tomita (2010c) .
The constitutive equations for polymers under lower temperatures compared to the glass transition temperature have also been reviewed (e.g., Tomita, 2000) where the generalization of the constitutive equations to no-affine and non-associative cases have also been provided. Their application to the evaluation of instability propagations were reviewed by Tomita (1994) and . The application of the constitutive equations for the evaluations of multi-phased polymers were presented by Steenbrink, et al. (1997) , van der Giessen (1999), Pijnenberg, et al. (1999) , Socrate and Boyce (2000) , Tomita and Lu, (2002) , and Riku, et al. (2008) . Their reviews are in Lu and Tomita (2011a-c) . A molecular chain plasticity model like crystal plasticity theory for glassy polymer (Nada et al., 2015) was proposed and the validities were clarified through the computational simulations. The constitutive equations for crystalline polymers were given by Parks and Ahzi, (1990) and Lee, et. al. (1993) , and their application to the multiscale evaluation of semicrystalline polymers and experimental verifications were published by Tomita and Uchida (2005) and Uchida, et al. (2010) . A non-coaxial elasto-viscoplastic constitutive equation for crystalline polymers with crase effect (Takahashi, et al., 2010) was proposed for the ductile fracture prediction. Uchida and Tomita (2011a-d) provided the related review. The prediction of formation of crystalline polymers and their evaluation of mechanical characteristics also been addressed (e.g., Gránásy, et al., 2004 , Takaki, et al., 2007 , Takaki and Yamanaka, 2012 , a topic on which a relevant review was published by Takaki and Tomita (2011) . Atomic scale simulations have been done by many researchers. Among them, Shibutani, et al. (1999) and Yashiro, et al. (2003) suggested the important information associated with the formation and dissociation of tangle structures that were incorporated into the molecular chain network theory. The reviews on the atomistic evaluations of polymers were given by Yashiro and Tomita (2011a, b) .
The further reviews of constitutive equations of rubber and polymer and the evaluation of single and multiscale analysis were given by Tomita (2010a-k) , Lu and Tomita (2011a-c) , Uchida and Tomita (2011a-d) , Tomita (2011), Yashiro and Tomita (2011a, b) , and Tomita (2013a-c) .
